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Developing Understanding
of Ratio-as-Measure as a
Foundation for Slope

Joanne Lobato

Eva Thanheiser

WHAT do students think they are measuring when they find the slope of a
line? Consider the response of the highest-performing student in an Algebra
1 class to the task shown in figure 18.1, during an interview of the student
by the first author. Marni correctly calculated the slope as 1/2 using the “rise
over run” formula. However, her response indicates that she conceives of
slope only as a number, not as a measure of the dripping rate of the faucet:
Interviewer: OK, what is your slope again?

Marni: A half slope.

Interviewer: A half of what?

Marni: I guess it just shows the height, I mean, umm, or the slope.

Interviewer: So, if your slope is a half, and I asked a half of what …

Marni: It isn’t a half of anything, I think. It just determines the
measurements on how high it is rising.

What Does Slope Measure?
Textbooks often describe slope as a measure of the direction and steepness

of a line. However, if slope is a measure of the steepness of a line, then two
lines with the same slope should have the same steepness, which is not the
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case for the example shown in figure 18.2. This difficulty can be addressed by
stipulating that slope is a measure of the steepness of lines within the same
scale system. Yet, this begs the question of whether the primary purpose of
calculating slope is to obtain a measure of the steepness of a line.
Consider an alternative conception of slope as the rate of change in one

quantity relative to the change of another quantity, where the two quantities
covary. By quantity, we mean an aspect of an object or situation that can be
measured, such as length, age, or time. Slope is a measure of different attrib-
utes (like velocity, sweetness, density, or gas efficiency) depending on the
quantities involved in the relationship. For example, imagine the graph of
a line where the x-axis represents elapsed time and the y-axis represents
distance. The slope of the line represents velocity and is a measure of the
object’s motion, rather than a measure of the steepness of the line.
Slope can provide a measure of the steepness of an object, where the object

is a physical object like a slide or hill (as opposed to a line). In such a situa-
tion, slope is the rate of change of the vertical distance relative to the hori-
zontal distance. In contrast, treating slope as a measure of the steepness of a
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The leaky faucet task. A leaky faucet drips water into a measuring cup.
The graph shows the water level in the measuring cup over time. The cup
started out with some water in it before the dripping began. What is the
slope of the line and what does it tell you about the situation?

Fig. 18.1. The leaky faucet task
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line focuses attention on the line as a physical object rather than as an infi-
nite collection of ordered pairs of values of covarying quantities, which can
lead to the problem illustrated in figure 18.2.

Slope involves the construction of a ratio as the measure of a given
attribute (what Simon and Blume [1994] call a “ratio-as-measure”). Con-
structing ratio as a measure appears to be a complex process for at least three
reasons. First, ratio-as-measure tasks are likely to require students to reason
proportionally. In contrast, when working with the slope formula, students
can count squares on a coordinate grid system to find a rise and run and
then simply write one number on top of the other, without mentally form-
ing a ratio. Second, ratio-as-measure tasks involve aspects of modeling, like
focusing on one quantitative relationship in a complex situation involving
several relationships. Third, conceiving of an indirect measure, like a ratio, is
difficult when students’ experiences have been dominated by the use of
direct measures. For example, when asked to draw a picture of a ramp with a
slope of 2, another student interviewed by the first author responded, “2
what? 2 inches? 2 millimeters?” The response suggests that the student con-
ceives of measures as direct (e.g., where one reads a measure from a ruler).
Students need help through instruction to develop an understanding of the
legitimacy of indirect measures.

Purpose and Overview
We provide a general framework for helping students learn to construct

ratios as measures—a foundation for understanding slope. This framework

Fig. 18.2. Two lines with the same slope but not the same steepness
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addresses the modeling and proportional reasoning aspects of constructing
ratios as measures. Each component of the framework is illustrated with
two examples, one from the situation of creating a ratio as a measure of the
steepness of a wheelchair ramp and the other from the situation of creating
a ratio as a measure of how fast an object travels. By providing examples
from multiple contexts, we hope to illustrate a general approach to the
process of creating ratios as measures.

Instructional Settings
The examples are drawn from two teaching experiments, both taught by

the authors. The first teaching experiment involved nine high school stu-
dents for thirty hours of instruction during a summer. The second teaching
experiment is ongoing and involves six high school students who meet after
school once a week. In both cases, we selected average-performing students
(not the very top students and not those who were completely lost)—usual-
ly students earning B’s or C’s. The instruction involved two computer envi-
ronments, Geometer’s Sketchpad (GSP) (1996) and MathWorlds (devel-
oped for the SimCalc project, directed by James Kaput) (1996). The
conditions in both teaching experiments were intentionally designed to be
more ideal than what teachers typically encounter, since the experiments
were part of a larger research study designed to investigate learning under
various conditions. However, we believe that the approach represents a
promising first step, which can serve as a source of stimulation for teachers
who wish to modify or extend the activities to fit the needs of their class-
rooms.

FOUR COMPONENTS OF UNDERSTANDING RATIO
AS MEASURE

1. Isolating the Attribute That Is Being Measured

Rather than beginning with slope formula instruction and then applying
slope to real-world situations, we started with situations and posed “measure”
questions that could eventually be addressed by constructing slope.We quick-
ly learned that when we asked students how they would measure the steepness
of a wheelchair ramp, they did not automatically measure the height and base
of the ramp and form a ratio, even though the students had received slope
instruction in school. Similarly, when students were asked to measure how fast
a person walks, they rarely measured both distance and time.
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One unexpected source of difficulty was isolating the characteristic of
steepness in the wheelchair ramp situation and the characteristic of “fast-
ness” in the walking situation. The reason for this difficulty may be that
these attributes are not the only attributes involved in each situation and
may not be the most salient characteristics for students who have had rele-
vant everyday experiences with inline skating ramps, stairs, races, and walk-
ing. Thus, students need help isolating the different attributes.

Example A: Sorting out steepness from “work required to climb” in the ramp
situation
The students in the summer teaching experiment had developed meaning

for steepness as the “slantiness” of a hill or ramp and could draw one hill
that was steeper than another. However, two difficulties emerged, which
indicated that students had trouble isolating the attribute of steepness from
other attributes in the situation.
First, when asked if a hill was the same steepness throughout, two-thirds of

the students thought that the hill became steeper as they imagined climbing
up the hill. Their reasons varied: the angle changes, the height increases, or
you walk a longer distance. The following interchange illustrates one studen-
t’s reasoning:

Teacher: Where is it steeper?

Terry: Like right there [points to the far right of the hill]

Teacher: OK, and how do you know it’s steeper right there?

Terry: ‘Cause it’s like higher up on the angle.

Teacher: OK. So being higher up on the angle makes it steeper?

Terry: Uh, hmm.

Teacher: So is the steepness constantly changing?

Terry: Yeah.

Second, when the teacher asked the students to draw two nonidentical hills
with the same steepness, a debate emerged over Jim’s drawing (see fig. 18.3).
Many students argued that the hill on the right was steeper because it was
higher, longer, or harder to climb. The most salient feature of the situation
for the students may have been that people become more tired when climb-
ing the hill on the right. If this attribute of “work required to climb” is not
isolated from the attribute of steepness, then students may incorrectly con-
clude that the hills in figure 18.3 aren’t the same steepness or that a single
hill becomes steeper near the top (since a person becomes more tired as he
or she continues to climb).
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One way to respond to this difficulty is to ask students to make a list of the
ways that the two hills in figure 18.3 are alike and different. By discussing the
differences as well as the similarities, students in the teaching experiment
were eventually able to isolate steepness from other attributes in the situa-
tion.

Example B: Sorting out “motion through space” from “leg motion”
A similar problem developed with the motion situation. Students watched

a computer simulation in MathWorlds of two characters walking toward
each other at different speeds. The students were asked to decide which char-
acter walked faster and how they might measure how fast each character was
traveling. (Distance and time were not displayed.)
All three pairs of students in our ongoing teaching experiment thought

that the number of steps would affect how fast a character was going. Bonita
and Carissa thought that the two characters went the same speed because
they both walked the same number of steps in the same time (i.e., their legs
were moving at the same rate). They did not consider the size of the steps or
the distance traveled. Similarly, Isaac noticed that the characters’ feet were
moving at the same pace and incorrectly concluded that the characters were
going the same speed. We concluded that asking how fast someone travels is
ambiguous since there are at least two different types of “fastness”: (1) how
fast an object moves through space, and (2) how fast the object’s legs move.
Although we intended for students to focus on the first attribute, many
focused on the second. One reason why students focused on leg motion
appears to stem from a common, everyday experience of a child trying to
keep up with an adult. As Adolfo put it, “A child would have to go fast and
the mother slow so that they would go at the same pace.”
To help students disentangle the two rates—speed versus the rate of leg

motion—the teacher pretended to be a robot that could be “programmed.”
She asked students to tell her what to do so that she would walk fast, but she
did not allow the students to use the word “fast” in their instructions. Carissa
suggested that the teacher walk seven steps, reasoning that seven was a pretty
big number and would force the teacher to walk quickly. When the teacher
took seven large steps very slowly, Carissa was surprised and told the teacher
to move her legs more quickly. The teacher followed Carissa’s instructions
but took seven tiny steps in a short period of time, which made her feet

Fig. 18.3. Jim’s drawing of two hills with the same steepness
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move quickly but her body move slowly through space. This event was
counter to Carissa’s expectation. By resolving the conflict that she encoun-
tered, Carissa was eventually able isolate “motion through space” from “leg
motion” and realize that the number of steps taken is insufficient to deter-
mine how fast a person is moving through space.

2. Determining Which Quantities Affect the Attribute and
How
Once students have isolated an attribute like steepness or motion through

space, then they need to determine which quantities affect that attribute. A
previous study demonstrated the complexity of determining the effect of
changing quantities on an attribute (Lobato and Thanheiser 1999). When
asked to create a measure of the steepness of a wheelchair ramp (as shown in
fig. 18.4) nearly half of the high school students were uncertain about the
role of the platform (e.g., they didn’t know whether increasing or decreasing
the length of the platform would change the steepness of the ramp). Fur-
thermore, most of the students had a harder time understanding the effect of
changing the length of the base (minus the length of the platform) than the
effect of changing the height. For example, one student argued that if you
make the base shorter, then the ramp will become less steep, and if you make
the base longer, then the ramp will become steeper. The teaching experi-
ments were designed to address these difficulties.

Example A: Determining which quantities affect the steepness of a wheel-
chair ramp

Students were asked to list all the quantities they saw in the wheelchair ramp
in figure 18.4. Then the class selected quantities one by one, figured out a way
to change the quantity, and observed what happened to the steepness of the
ramp. For example, to test the effect of changing the width, Nathan constructed
two paper ramps that varied by width only. Since the skinny and wide ramps
had the same steepness, Nathan concluded that width doesn’t affect steepness.

Fig. 18.4. Diagram of a wheelchair ramp
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GSPwas used to explore other quantities (fig. 18.5). Studentsmoved quantities
(like the length of the platformand the height of the ramp) andnoted changes in the
steepness of the ramp.They concluded, among other things, that decreasing the base
of the rampmade the ramp steeper but increasing the basemade it less steep.

Example B: Determining the effect of time and distance on speed

In the second teaching experiment, students explored how changing time and
distance affected themotion of an object by entering distance and time values for
various characters inMathWorlds (using a special script written for our project
by Jeremy Roschelle and Janet Bowers, as shown in fig. 18.6). In one problem, stu-
dents were asked to enter a time and a distance for the frog so that it would travel
slower than a clown that traveled 15 cm in 6 sec. Students experienced several dif-
ficulties. For example, Priyani and Adolfo kept returning to the idea that speed
could bemeasured by time alone—an idea that has roots in the everyday experi-
ence of determining the speed of runners. Since the distance in a race is fixed, one
canmeasure how fast a runner travels by simply timing the race.

Fig. 18.6. Screen from SimCalc Mathworlds (1996)

Fig. 18.5. Dynamic sketch of a wheelchair ramp in Geometer’s Sketchpad
(1996)

movable wheelchair ramp

Select & Translate
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As a result of associating speed with time, Priyani and Adolfo could easily
argue that they could make the frog go slower by increasing the time and
faster by decreasing the time. However, when asked to give both characters
the same time and change only the distance to make the frog go slower, the
students did not know what to do. They thought that having the frog walk a
greater distance would make him go slower. Thus, they were surprised to run
the simulation and see that this was not the case. The simulation helped
them determine how changes in distance affect speed.

3. Understanding the Characteristics of a Measure
There are several characteristics of a good measure, which students are

often aware of only implicitly. One characteristic is the legitimacy of indirect
measures. A second characteristic we shall call “reproducibility.” Imagine a
ramp with a height of 8 cm and a base of 4 cm, and thus a slope of 2. One
reason that slope is a good measure of the steepness of a physical object is
that someone else can create a second ramp with a slope of 2 and the two
ramps will share the same steepness, even though the ramps may not be
identical (e.g., the second ramp may have a height of 10 cm and base of 5
cm). Thus the attribute of same steepness is reproduced in the second ramp
because of the measure that is used.

Example A: Measuring steepness
After the students had explored some of the quantitative relationships in

the wheelchair ramp, the teacher asked how they could measure the steep-
ness of the ramp. Denise suggested that they use a ruler to measure “the part
you walk up,” which was apparently an attempt to measure directly the part
of the apparatus that is steep. She found that the length of the ramp in the
drawing was 6 inches. In an effort to establish the importance of the charac-
teristic of “reproducibility,” the teacher explained that if 6 inches is to be a
good measure of the steepness of a ramp, then the students should be able to
draw nonidentical ramps with a steepness of 6 inches and obtain ramps with
the same steepness. When the students carried out this activity, they discov-
ered that some of their ramps were steeper than others. Thus, they conclud-
ed that the length of the ramp alone was not a good measure of steepness.
This process was repeated as the students suggested and tested the follow-

ing possible measures of steepness (which were all direct measures): the
height of the ramp, the length of the base, and the angle of inclination. After
testing their measures, the students rejected height alone and length alone as
measures of steepness but were pleased to discover that the angle worked.
The teacher validated their discovery, but she also told the students that peo-
ple in many jobs (like construction) also use a different measure. Thus, she



171DEVELOPING UNDERSTANDING OF RATIO AND MEASURE

asked them to continue working on this activity to come up with a second
measure of steepness.
Katie began measuring the lengths and heights of the two ramps with the

same steepness. Because of her imprecise measurements, Katie was unable
to see that the lengths and heights of the two ramps were proportional.
However, the focus on height and length allowed the teacher to suggest that
the students should consider two quantities rather than one in their mea-
sure. The teacher then posed an activity (to be described shortly) that led to
the construction of ratio for many of the students.

Example B: Measuring motion
When students were asked to create a measure of how fast an object trav-

els, several students used direct measures, like time. One way to help stu-
dents see that time is insufficient is to ask two students each to run for five
seconds. Seeing that it is possible for one student to run faster than the other
can help students understand that time alone is not a good measure of
speed. We found that helping students test their direct measures often led to
an understanding of the inadequacy of the direct measure and created the
need for an indirect measure.

4. Constructing a Ratio
Once students have identified two quantities to include in their measure

of an attribute (e.g., height and length in the ramp situation or distance and
time in the speed situation), students still need help to move from consider-
ing the measure as two whole numbers (e.g., a character walks 10 cm in 4
sec.) to understanding the measure as a ratio (e.g., 10 cm for every 4 sec.,
which is equivalent to 2.5 cm each sec.). Computer environments can play
an important role in the construction of a ratio by helping students conceive
of a situation dynamically. We found that the computer also allows students
to generate a family of values with a given attribute (e.g., 10 cm in 4 sec. is
the same speed as 30 cm in 12 sec.) by guessing and checking or using
numeric strategies. Reflection and discussion can then help students con-
struct a ratio as a measure.

Example A: “Same steepness” activity
Students were asked to create as many ramps as possible with the same

steepness as a ramp with a height of 3 cm and length of 12 cm. Brad used
GSP to create the family of ramps shown in figure 18.7.
Interestingly, Brad discovered the “slope” function in the “measure”menu

of GSP and found that the slope of one of his ramps was 0.25. He told the
teacher that he thought that steepness was slope, and he remembered from
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school that slope was “rise over run.” Although he correctly identified the
“rise” and “run” of his ramp, he admitted that he had no idea what the 0.25
meant in the ramp situation. The teacher suggested that Brad temporarily set
the 0.25 aside, create more ramps with the same steepness, and look for pat-
terns in the height and length measurements. After about 15 minutes, Brad
noticed that the length of each ramp was four times as large as the height.
When the teacher asked how the height compared to the length, Brad figured
out that each height was 1/4 (or 0.25) of the corresponding length. He con-
structed meaning for the slope as the multiplicative comparison of height to
length. It is interesting to note that this construction of ratio developed, not
by memorizing a formula, but by mentally comparing the heights and
lengths of a set of ramps that shared the same steepness.
To help Brad also think about the relationship of change between the

height and length, the teacher asked him to do two followup activities: (1)
create a ramp with the same steepness as the other ramps but with a length
of 1 cm, and (2) explain how you would change the height of the original
ramp if you increased its length from 12 cm to 13 cm but wanted the new
ramp to have the same steepness as the original. The purpose of these ques-
tions was to help develop the idea that for every increase of 1 cm in length,
there will be a corresponding increase of 1/4 cm in height.

Example B: “Same speed” activity
In the summer teaching experiment, students were asked to create a table

of values that would make the frog in the Mathworlds environment (fig.
18.6) walk the same speed as a clown walking 10 cm in 4 sec. Many students

Fig. 18.7 Brad’s construction with the same steepness
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used a “guess and check” strategy (e.g., one student tried 15 cm and 8 sec.
and then kept adjusting the time until he arrived at 15 cm in 6 sec.). Other
students identified numeric patterns by reflecting on their initial entries
(e.g., some students found that multiplying the distance and the time by the
same whole number resulted in values that worked). However, no one was
able to explain why the numeric patterns worked.
A class discussion quickly showed the limitations of the numeric strate-

gies. Brad shared his solution of 90 cm in 35 seconds, which he found by
guessing and then running the simulation. Terry disagreed, arguing, “Ten
goes into 90 nine times, and 4 goes into 35 eight times and a little bit left
over.” But the other students admitted that they couldn’t follow Terry’s
(numeric) explanation, and Terry did not offer a better explanation at that
time.
The teacher asked the students to explain why a simpler problem involving

doubling worked (i.e., why walking 20 cm in 8 sec. was the same speed as
walking 10 cm in 4 sec.). Terry and Jim used Terry’s drawing (see fig. 18.8) to
explain that for both characters to have the same speed they would need to
walk 10 cm in 4 seconds at the same time. This explanation fits with the stu-
dents’ experience of watching the computer simulation to see if the charac-
ters were walking “neck-and-neck” during the first 10 cm and ignoring the
rest of the frog’s journey. However, neither student explained why 20 cm in 8
seconds “worked” or accounted for the relationship of the remainder of the
frog’s journey to his speed, which might explain why the drawing did not
show the frog’s distance as twice the clown’s distance.

A breakthrough occurred when Brad appeared to construct a ratio. Brad
explained that doubling works “because the clown is walking the same dis-
tance; it’s just that he’s walking the distance twice … he walks 10 cm in 4 sec-
onds … he’s going to walk it again, another 4 seconds, another 10 cm.”
The creation of the “10 cm in 4 seconds” unit or ratio was adopted by

other students and combined with partitioning (i.e., subdividing the unit)

Fig. 18.8. Author’s re-creation of Terry’s nonproportional drawing of the dis-
tances 10 cm and 20 cm
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and iterating (i.e., repeating the unit) to create more powerful explanations.
For example, Terry eventually was able to explain why walking 2.5 cm in 1
second was the same speed as walking 10 cm in 4 seconds. He stated that “it
would be like he’s walking one-fourth of the 10 and 4; it’s like one-fourth of
each thing” (meaning 1/4 of the 10 cm and 1/4 of the 4 seconds). He parti-
tioned the “10 cm in 4 seconds” unit into four segments, formed a new “2.5
cm in 1 second” segment (as indicated by the circled section in figure 18.9),
and then iterated the “2.5 cm and 1 second” unit four times to re-create the
original “10 cm in 4 seconds” unit.

CONCLUDING COMMENTS

In order for slope to be meaningful to students across a broad range of sit-
uations, students need to develop an understanding of slope as a ratio that
measures some attribute in a situation. However, these are many complexi-
ties associated with constructing ratios as measures. Some people may argue
that slope should not be made any more difficult than the slope formula.
They are right if we are satisfied when students are only able to solve text-
book problems that cue students when and how to use the slope formula. In
contrast, real-world situations involving rates of change are usually messier
and more complex. Rather than avoiding complexity, instructional activities
should help students learn how to cope with it. The examples presented here
suggest ways for teachers to help students develop an understanding of the
modeling and proportional reasoning aspects of ratio-as-measure tasks,
which in turn can help students develop an understanding of slope that is
more general and applicable.

Fig. 18.9. Author’s re-creation of Terry’s drawing showing why 2.5 cm in 1
second is the same speed as 10 cm in 4 seconds
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